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Abstract. It is shown that in five dimensional Einstein-Gauss-Bonnet theories 
exact vacuum solutions with non-vanishing torsion can be constructed. 

Some possible observational effects related to neutrino oscillations are pointed out. 

In the theory of continuum media (in which suitable defects can be described by lo- 
calized non vanishing torsion) "the gravitational intuition" is a rather useful tool to 
describe the physical effects of such defects. A possible astrophysical application 
is shortly described. 



1. Introduction 

Finding the correct quantum theory of gravity is a major problem in theoretical 
physics. Although there are very strong proposals such as superstring theory and 
loop quantum gravity, the final answer has not been found yet. Thus, it is worth to 
explore new possibilities. Among the many proposals available in the literature, 
the possibility to have gravitational actions different from the Einstein-Hilbert 
one and with non vanishing torsion is worth to be explored. The most natural 
generalizations of the Einstein-Hilbert action are the so called Lovelock action HI : 
Lovelock actions are the most general covariant actions leading to second order 
equation for the metric (it is a very difficult task to provide one with a complete 
list of references on the subject; a nice review on the black hole solutions is ||2l). 
Unlike the four dimensional case in which torsion vanishes, in higher dimensional 
Lovelock theories torsion may represent propagating degrees of freedom [3| (4]. 
However, up to now the possible dynamical role of torsion has not been taken into 
account too seriously. 

In this paper an intriguing analogy between BPS states in QFT and gravity with 
torsion will be explored. This analogy allows to find interesting solutions in five 
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dimensional Einstein-Gauss-Bonnet gravity in which the torsion looks like topo- 
logical excitations and may improve the stability of torsion-free solutions. Fur- 
thermore, torsion could led to observable effects both in high energy physics and 
in solid state physics. 

The paper is organized as follows: in the second section a very short review of 
BPS states in field theory is presented. In the third section, a general introduction 
to gravitational models with torsion is described. In the fourth section the analogy 
of BPS states in field theory and gravitational model with torsion is presented and 
how to construct solutions of Chern-Simons gravitational theories with torsion 
starting from solutions without torsion is discussed. In the fifth section, some 
observable effects in high energy physics and in solid state physics are discussed. 
Eventually, some conclusions are drawn. 



2. Very Short Review on BPS in Field Theory 



In this section it will be shortly resumed BPS states in field theory with attention 
on vortices. Because of the enormous number of papers on this subject, it is a 
hopeless task to provide with a complete list of references, the main reference on 
which is based the present paper is the detailed review lH IS. 

A suitable gauge theoretical action able to give rise to vortex-like solutions is 



S 



(fx 



where Ffj_u is the field strength of an Abelian U{1) connection, </> is a complex 
f7(l)-charged scalar field (whose charge is e) with the standard symmetry break- 
ing potential whose minima are of the form 

(pvac = V exp{ia) (1) 

where a is a real phase. The energy of a static vortex configuration (in which the 
vortex is along the third axis) is 



Eah 



(fx 



B\ 



$B being the magnetic flux. For any finite energy solution cf) approaches the 
vacuum manifold at infinity. Therefore the finite energy solutions are classified 
by their winding number N (also called vorticity) which counts the number of 
times the phase of winds around the spatial circle at infinity 



(j) V ex]i{iN6). 
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The above winding number labels homotopy classes. The vorticity is related to 
the magnetic flux <I> b since 



The Bogomol'nyi equations can be deduced assuming that the bound is saturated: 



Such equations (which are linear relations among the magnetic part of the cur- 
vature and the square of the Higgs field) will be very important to formulate the 
analogy and to establish a dictionary between "BPS gauge theoretical objects" 
and "gravitational torsional objects". It is worth to stress that also in the case of 
monopoles in non Abelian Yang-Mills-Higgs theory the Bogomol'nyi equations 
are linear relations among the magnetic components of the curvature and the co- 
variant derivative of the Higgs field of the type 



where is the non abelian magnetic field. An important point is that often 
(in this case as well as in the case of monopoles) Bogomol'nyi equations can be 
formulated as self-duality conditions of a "bigger curvature" of a "bigger connec- 
tion" in which the gauge connection and the Higgs field fit together |5| [6| in such 
a way that the self-duality conditions for the bigger curvature are the precisely the 
above described linear relations among the gauge field strength, the Higgs field 
and its covariant derivative. 

3. Short Review in Gravity with Torsion 

Here a very short introduction to gravitational actions with torsion will be pro- 
vided (see the detailed reviews IS Pll). 

In the first order formalism the Einstein-Hilbert action in four dimensions can be 
written as follows: 





= ± (Del)) 



a 




where 



eyx^' 



Rl = {duj + uj h uj) 
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is the vielbein, iv^ the spin connection, (j^j^ is the spacetime metric, r]ab the 
Minkowski metric in the vielbein indices and a and /3 are related in a obvious way 
with the Newton and the cosmological constants. It is manifest in this way that the 
vielbein indices a,b, .. behave as internal gauge indices. Since the Kaluza-Klein 
idea and with the advent of string theories the possibilities to have extradimen- 
sions comes into play. Lovelock HI showed that it is indeed possible to have 
gravitational Lagrangian in higher dimensions giving rise to second order equa- 
tions of motions for the metric, the Lagrangian being of the form 

lD/2] 

V) 



p=0 

In D = 5 (on which we will focus from now on) the so called Einstein-Gauss- 
Bonnet action 0] reads 



(2) 



where k is related to the Newton constant, A to the cosmological term, and a is 
the Gauss-Bonnet couplinj. The action Q in terms of differential forms reads 

1 = 1 eabcde (^^e^e^e'e'^e' + ^R^^e'e'^e' + C2i?"^i?'='^e^) . (3) 
The field equations read 

£e := [coc'^e'e'e'' + ciR'^^'e'e'' + C2R''''R"') eabcde = , (4) 

and 

£ab ■■= {cie'^e^ + 2C2R'^') eabcde = , (5) 

while the torsion is 

In the vanishing torsion sector, the field equations ^ are trivially fulfilled, and 
Eq. dUl reduces to the standard one in the second order formalism. An interesting 
characteristic of the Einstein-Gauss-Bonnet theory is that, unlike in the Einstein- 
Hilbert case, torsion is generically different from zero ||3] (even if many authors 



The relationship between the constants appearing in Eqs ^ and ([5} is given by a = 



Some solutions with torsion in Cliern-Simons gravity and observable effects 



5 



put torsion equal to zero by hand). Generically, the field equations ([5]) impose 
very strong constraints on the torsion (which can be found by taking the covariant 
derivative of Eq. (|4]) and comparing the result with Eq. ([5])): 



e U 1 eabcde — U, e e e 1 eabcde 



a J) ^crpd , 



(6) 



so that, to the best of author's knowledge, no exact solution with torsion has been 
found in the generic Lovelock case up to recent times. As it will be described in 
the next section, a nice analogy with BPS states in field theory suggests a natural 
ansatz for the torsion which solves automatically the constraints in Eq. ^ allow- 
ing to construct exact solutions with torsion in the non-Chem-Simons case Q. 
However, there exist special values of the Gauss-Bonnet coupling which enhance 
the gauge symmetry of the generic Lovelock action| [3] "killing" the constraints 
in Eq. © 



C2 



4co ' 



(7) 



leading to the uniqueness of the maximally symmetric vacuum fTO\. In this case, 
a supergravity theory is available and the "BPS form" of the torsion provides one 
with black hole solutions with a half-BPS ground state ifTTTl . 

4. Gauge-Theoretical Interpretation of Torsion 



A useful trick which helps in dealing with torsion in four dimensions is available 
in the presence of a non vanishing cosmological constant: one can define the 
following "higher order" connection 



W 



AB 



ijj 



ab 



I 







(8) 



where a,b = 1, .., 4 and A,B = 1, .., 5 in such a way that the "higher order" 
curvature is 



pAB 



rpb 



T 




and the "higher dimensional" topological term reads 



F^^ A Fab = R"^ A 



(9) 



(10) 



Indeed, for such special values, the Lagrangian can be written as a Chern-Simons form |8 1. In 
the Chern-Simons case, some exact solutions with torsion have been constructed in [9J: however, it 
seems that in these solutions torsion is pure gauge. 
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It is worth to stress here that this is also a standard trick in the theory of BPS states 
which explains why the BPS equations are much simpler than the full Yang-Mills 
equations: the point is that often one can incorporate the Higgs field and the Yang- 
Mills connection into a unique higher connection in such a way that the BPS 
equations are self-duality conditions for the higher curvature (see, for example, 
151). An immediate consequence is that 

jlN = 8iT^xn, n£Z, (11) 

that is, two times the integral of the Nieh-Yan density divided by the square of the 
cosmological length is Svr^ times an integer (see, for instance, [12]). 

The previous trick to incorporate torsion, vielbein and curvature in a "bigger cur- 
vature" is standard in studying BPS states in QFT. This analogy suggests that, 
in gravity, the vielbein and torsion could play the role of the Higgs field and its 
covariant derivatives in QFT In other words, one would like to give a precise 
meaning to the following table: 

Gravity Gauge Theory 
{D(t)f 

where a and (3 are suitable constants. In QFT the BPS equations involve typically 
linear relations (such as higher dimensional self-duality conditions) among D°-(j) 
and F"-^ in which (p can enter quadratically (as, for instance, in the vortex case). 
Thus, a natural ansatz is 

= f^'' {aR"^ + /3e"e^) (12) 

where f^"-^ is a three index tensor in the "gravitational gauge group", a and /3 are 
two constants. 

However, a genuine invariant tensor (that is, /"''^ in Eq. ([12]) ') in the Lorentz 
group does not exist in general. As it is well known (see, for instance, |[T3l ) some 
breaking of the vacuum symmetries is needed. In this case, a tensor /"'"^ which 
makes consistent Eq. ([T2l ) can be constructed using the broken generator(s). The 
simplest invariant tensor with three indices is the Levi-Civita symbol e"'^'^. In the 
five-dimensional case (which has been analyzed in Q and lITTl ) this corresponds 
to consider solutions which are a direct or a warped product of a two dimensional 
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manifold M2 and a three dimensional manifold M3 of constant curvature on which 
the torsion lives: 

T'' = K{x\x^)e^''^e''e^ (13) 

where K may depend on the coordinates {x^, x^) of M2 and the vielbeins and 
the indices a, h and c refer to M^. Remarkably enough, this ansatz automatically 
solves both constraints in Eq. ([6]). 



4.1. The non-Chern-Simons case 

For the first time, the above ansatz ( fT3] ) allowed to find exact vacuum solutions 
with torsion in five dimensional Einstein-Gauss-Bonnet gravity for a suitable choice 
of the constants appearing in the action which does not correspond to a Chern- 
Simons theory Q. The metric is given by 

The torsion is introduced onto the M3 in such a way as to respect the symmetry: 
By imposing the relation 

c? = 12C0C2 (14) 

(which, interestingly enough, does not correspond to the Chern-Simons case) 
one gets an exact vacuum solution with torsion in Einstein-Gauss-Bonnet grav- 
ity whose curvatures are 



Tc = ±\j^,+^,ea,ce'e\ (15) 

ii°^ = -^eV, i?»'' = --LeV, (16) 

provided that C2 / ci and cq /ci are positive. It is worth to note that the torsion is 
bounded from below for finite sized sphere and AdS length scale. This means that 
there is no continuous zero torsion limit. 

Furthermore, if one defines the Hodge dual of the three form T 

T = Tabce" A e'' A 6^= = 3!r A A e^ 
*T = -2!re° Ae\ 
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then 



DT = 



D*T = 



so that, by defining F = *T, F is seen to obey the source-free Maxwell equa- 
tions, making manifest the close resemblance with the electromagnetic field of 
the Bertotti-Robinson solution f\M . 

4.2. The Chern-Simons case 

Let us now shortly describe the Chem-Simons case in which 



In the case of the five-dimensional Chern-Simons gravity, spherically symmetric 
black hole without torsion are well known: 



and are quite similar to three-dimensional BTZ black-hole lITSll . |[T6l . In both 
cases, when the mass parameter fi is jj. = —1 the solution is AdS^ and AdS^. 
When the mass parameter is greater than zero one has a black hole and when 
— 1 < /i < 0, timelike naked singularities appear. When torsion vanishes and 
without matter field, in the five dimensional case the zero mass black hole breaks 
all the supersymmetries |Tf|. While in three dimensions the /i = is the half-BPS 
"black hole vacuum". If torsion is introduced in S3 as follows 



the above metric still represents a five-dimensional black hole fTTI. Furthermore, 
when the constant 6 is equal to one (or minus one), it can be shown that the 
solution with ^ = is half-BPS exactly in the same way as it happens in three 
dimensions (something impossible without torsion). Thus, torsion improves the 
stability analysis of the theory. 

4.3. A physical Interpretation 

The nice features of the results in fJ] and |fTTl (which have been resumed in the 
previous subsections) is that in five (and, presumably, higher dimensions) one can 
construct with a very natural recipe exact vacuum solutions with non-trivial ge- 
ometrical structures which, in four dimensions, could only be obtained coupling 



cl = 4coC2. 





(17) 



r 
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gravity to suitable matter fields. The reason is that, being the total connection the 
sum of the Riemannian part plus the contorsion, one can manage to choose the 
contorsion in such a way to exactly cancel (a suitable part of) the purely Rieman- 
nian connection (as it has been done in 1 1 1 ]). This is quite similar to what happens, 
for instance, in the case of the extreme charged black-hole in Einstein gravity: the 
electromagnetic connection cancels part of the Levi-Civita connection leading to 
an half-BPS solution. This means that, in higher dimensions, the gravitational 
interaction is much more complex allowing, in some cases, to "emulate" matter 
fields much more effectively than in Einstein gravity: in other words, in higher di- 
mensions gravity can be more "repulsive" than in four dimensions providing one 
with the possibility to shed new light on some of the open question in cosmology. 
One can see this as follows: from a particles physics perspective, the Riemannian 
part of the gravitational interactions can be represented by a spin-two particle, the 
graviton, which generates basically an attractive interaction. In four dimensions, 
this is the only possibility compatible with the requirements of general covariance 
and with second order equations of motion for the metric. In higher dimensions 
torsion is not zero anymore so that also a non-Riemannian part of the gravitational 
field appears. In many cases, the torsion generates a repulsive interaction: for in- 
stance, in the previous subsections it has been shown that torsion may behave as 
an electromagnetic field generating in vacuum a Bertotti-Robinson-like solution. 
Furthermore, torsion may also stabilize the spherically symmetric Chern-Simons 
black-hole preventing a decay into naked singularities. For this reason, the role of 
torsion is worth to be further investigated. 

5. Observable effects 



In this section some observable effects in high energy physics and solid state 
physics related to the above discussion will be analyzed. 

5.1. High energy physics 

If the Einstein-Hilbert Lagrangian is the reduction of some higher dimensional 
model (indeed, Chern-Simons theories are very natural candidates [TSl) the tor- 
sion generically does not vanish and propagates |19|. One should consider the 
possibility that somewhere in the universe torsion could be present. Let us con- 
sider the case of Chern-Simons theory (related to the (A)dS vacuum) in which 
torsion is non zero only along two direction (say, 1 and 2). One can consider four 
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dimensional cosmological models of Einstein equations as coming from a suitable 
Chem-Simons solutions. 

An interesting effect of non vanishing torsion is related to neutrinos oscillations. 
In [20] it has been shown that the torsion can contribute to neutrino oscillation 
along a path of length Ar (among neutrinos of different polarization): 

{A<^)j, = '^+ -<^- ^^Ar (18) 

where the + and the — refer to the up and down polarizations, I is the coefficient in 
front of the torsion term in the covariant derivative. The contribution of torsion to 
oscillations can be understood because for Fermion, in rough terms, the coupling 
with torsion is similar to the coupling with mass. The authors of [20] took as the 
Planck length (arguing that the torsion, being a quantum effects, should appear at 
the Planck scale): the result was that the contribution of the torsion is 55 order of 
magnitude less than the field theoretical one (A<I>)q^j, 



4 A 

c Am 



2 



10-9 Im]-'^ 



2Ehc 

It is much more natural from the theoretical point of view (see, for instance, IS 
lIU) that the constant /' is related to the cosmological constant. In such a case, the 
contribution of the torsion is six order of magnitude larger then the observed one. 
Thus, in this case also it seems not possible to explain neutrino oscillations with 
torsion. 

It cannot be excluded that in a more refined setting one could get an order of 
magnitude closer to the observed one. The results of f20l follow from two as- 
sumptions: the first is that "the torsion coupling constant" is the Planck length| 
The second is that the torsion is related to the Dirac fields describing the neutrinos 
as dictated by the Einstein equations and, moreover, it is assumed that the torsion 
has not a dramatic dependence on the spacetime coordinate! so that, in order to 
estimate the effects of the torsion it is enough to take into account the order of 
magnitude of the torsion coupling constant. It has been shown that there exist 
solutions in five dimensional Chem-Simons theory in which one has non trivial 
torsion along some directions and that a non trivial spacetime dependence is pos- 
sible. In the present formalism (assuming for simplicity that there is only one 



It has been already discussed that it is almost mandatory from the geometric point of view to 
assume that "the torsion coupling constant" is the cosmological length. 

In practice, in 1201 the possible spacetime dependence of the torsion is neglected. 



Some solutions with torsion in Cliern-Simons gravity and observable effects 1 1 



deformed tetrad field), the phase factor arising in Eq. ([TSl l of Ii20j is related to the 
integral 

7 

where is the deformation of tetrad field responsible of the non vanishing of 
the torsion and 7 is a spacelike geodesic joining the two points among which one 
wants to compute the oscillations. One obtains the results of 1201 in the case in 
which there is no dependence on the coordinates. However, at this stage of the 
analysis it is not clear how to determine the torsion from first principles since 
in Chem-Simons theory there is a huge freedom allowing for too many different 
deformations of the tetrad. 



5.2. Solid state physics 

In the theory of elasticity the analysis of defects can be conveniently formulated 
(see 1211 |[22l |[23l 1241 ) by describing the medium as a continuum geometry with 
localized torsion. In particular, torsion singularities located on parallel lines ap- 
pears to be well suited to describe dislocations 12111 [1221 while the geometry of 
cosmic strings can describe rather well [,24.| disclinations present in various type 
of materials. 



The Dirac equation in presence of torsion can be written as follows 

ir/^ [d^ - ^Tah + ((i)"r,) ) = (19) 



where is the Levi-Civita connection, are the flat Dirac matrices, the 



jab 

curved one|, ^' is the Dirac spinor, / is a length scale and n can be zero or one 
(as it will be discussed in a moment together with the physical meaning of length 
scale /). The added term is quite natural in a curved spacetime and should not 
be neglected. When dealing with standard gravitational models, it can be gauged 
away: 

^ab -1 u)*^^ 

d, - -fVab + j^el {{iTTa) ^d,- -fVa, 



z el{y){{iTTa)dy^^ 



The above Dirac equation is an effective equation because it can only describe the low en- 
ergy electronic excitations near the Fermi surface. Once the propagator is known, it is possible to 
compute the electronic density around defects. 
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where P is the path ordering. The integral in the phase factor does not depend on 
the path because the covariant derivative of the tetrad vanish and therefore it 
has no physical effects. In the presence of dislocations this is not true anymore 
since the torsion does not vanish. When the torsion is localized along the z axis 
the Aharonov-Bohm phase factor <I> is 



$ = exp 



dxdyT 



(20) 



The integral in the exponent has a very nice physical interpretation: it is the so 
called Burgers vector b which is proportional to the the integral of the flux if the 
torsion through a surface |[2T1l : 

dx"^ A (ix"r4„ = -b\ 

Therefore, the length scale / in a solid state physics context has to be interpreted 
as the mean "size" of the Burgers vector 

21 - 

Such a vector is very important to describe the physical effects of edge dislo- 
cations which are rather common in natur4 Another interesting possibility has 
been proposed in |25 | in which topological defects manifest themselves through 
anomalous conductivities. 

The quantum effects of dislocations can manifest themselves also by computing 
the propagator in an effective three dimensional gravitational field with torsion 
localized along some spacelike line. One can think to a three dimensional piece 
of material in which the interesting phenomena occur in a two dimensional planes 
orthogonal to the dislocation. Let us consider the effective Dirac equation Eq. 
( fT9l ) describing the low energy electronic excitations in the field of a "vortex of 
torsion" along the z axis (but without other defects near the dislocation): 

iV^' (vFd^ + ^e^l {Ta)\ ^{x) = (21) 



"Pictorially" such defects arise when one "cuts" some pieces of material and then glue the 
boundary in a suitable way with or without adding extra pieces of material obtaining a much higher 
or a much lower density. Non vanishing torsion can describe both wedge dislocations (which are 
rather uncommon) and edge dislocations (which are often encountered in practical applications) 
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where vp is the Fermi velocity of the material (which, henceforth will be set equal 
to one). To proceed, one has to assume that the "torsional" term can be treated as 
a small perturbatioi|. 

Besides the obvious term, the tetrad fields and the curved metric also manifest 
themselves through the curved Dirac matrices. In the present case, one is analyz- 
ing an effective two-dimensional situation in which only the third tetrad field is 
deformed in such a way to achieve a "vortex of torsion" along the z-axis and the 
meaningful dynamics is in the x — y plane so that the explicit dependence on z of 
the Dirac wave function can be neglected. The structure of the spatial tetrad fields 
is 

= dx, = dy, = dz + aidx^, i = 1,2 = x,y 

(where the explicit form of ai and 02 is not important in this moment) so that the 
inverse tetrads read 

ea = eio) + 5ei°) : 63 = 8, 
ei= dx- aidz, e2 = dy - a2dz. 

The further terms 5 (r^9^) in Eq. ( |2TI ) coming from the curved Dirac matrices 
are 

5{T^'d^) = -[aiT^ + a2T^)d,. 

In the approximation in which the effective dynamics is two dimensional, the 
derivative with respect to z can be neglected. Therefore, the only further term 
in Eq. (|2TI ) with respect to a flat Dirac equation is the one in which it explicitly 
appears the tetrad field multiplied by 

Thus, when the effective dynamics is two-dimensional (so that the dependence 
on z can be neglected), the effect of dislocations can be described in exactly the 
same way as the effects of disclinations. Thus, for instance, if one manages to 
compute the total density of states p{uj) of the electrons localized near a discli- 
nation then one can use the same formalism to compute the density of electrons 
near a dislocation. In order to proceed in the computation, one needs the Fourier 
transform of (5e^ (which, in the present geometric perspective, is the "source of 
torsion"). Dislocations can be described as torsion localized along some axis (say, 
the z axis). In the case in which the geometry is locally flat besides the dislocation 
itself, the suitable form of TaiJe? able to describe torsion localized along the z axis 
is formally the same as the one needed to describe a thin magnetic flux along the 



In the case of the defects analyzed in 1241 such approximation gives results in very good agree- 
ment with observations. 
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same axis: 



Vort 



6 x*^ 



21 



where represents the strength of the torsion (which, as it has been already 
stressed, is proportional to the modulus Burgers vector): 



7 

7 being a closed curve around the origin in the x—y plane. After this identification 
the computations to obtain the electron density near the defect may follow the line 



Because of its reach geometrical structure, the phenomenological role of torsion 
in solid state physics is worth to be further investigated. 

6. Conclusion 

It has been shown that in higher dimensional gravitational Chern-Simons theo- 
ries there exist solutions with non vanishing torsion which rapidly approaches to 
zero outside suitable spacetime regions. The possible contribution of the torsion 
to neutrino oscillations has been already discussed. However, this formalism clar- 
ifies that if one correctly takes into account the geometric nature of torsion the 
contribution of torsion to neutrino oscillations could be rather closer to the ob- 
served value. This scheme has also interesting applications in solid state physics. 
Dislocations (rather common defects in solid state physics) could be observable 
both via Aharonov-Bohm type experiments. 
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